Introduction
In graded index medium, the ray goes along a curved path determined by the Fermat principle. As a result, the solution of combined radiation and conduction heat transfer in graded index medium is more difficult than that in uniform index medium. During the past decades, the combined radiation and conduction heat transfer in graded index medium has evoked wide interest of many researchers.
After the year 2000, many numerical methods have been proposed to solve combined radiation and conduction heat transfer in graded index medium. For example, Abdallah and Dez ͓1͔ presented a curved ray-tracing method ͑CRT͒. Xia et al. ͓2͔ and Huang and co-workers ͓3,4͔ proposed a combined curved raytracing and pseudosource adding method ͑CRT-PSA͒. Liu et al. ͓5͔ employed a meshless local Petrov-Galerkin approach ͑MLPG͒. Because of additional mathematical and computational complexities, the above works did not take into account transient effects of heat transfer. For combined radiation and conduction heat transfer in semitransparent medium, transient heat transfer must be analyzed because semitransparency can cause internal temperature responses that are much more rapid and have distributions different form those only due to conduction.
Liu and Tan ͓6͔ solved the transient coupled heat transfer problems for a graded index slab with black surfaces and analyze the transient response caused by pulsed irradiation. Yi et al. ͓7͔ analyzed the effects of graded refractive index on steady and transient heat transfer in semitransparent slab using ray-tracing/nodalanalyzing method ͑RTNAM͒. Tan et al. ͓8͔ and Yi et al. ͓9͔ adopted RTNAM to solve transient coupled heat transfer in scattering medium with graded refractive index. In Ref. ͓8͔, the refractive index varies continuously along the slab thickness and both boundary surfaces are specular and semitransparent. In Ref.
͓9͔, the boundaries are one semitransparent surface and the other opaque surface. Mishra et al. ͓10͔ used a combined Lattice Boltzmann method ͑LBM͒ and discrete transfer method ͑DTM͒. In Ref. ͓10͔ , even the cases of variable thermal conductivity and variable refractive index were considered. Luo et al. ͓11͔, Tan et al. ͓12͔, and Yi et al. ͓13͔ employed RTNAM to solve transient combined radiation and conduction heat transfer in a scattering multilayer composite with specular interfaces.
In the field of numerical simulations, it is well known that the finite element method ͑FEM͒ and the finite volume method ͑FVM͒ can provide linear convergence while the spectral methods can provide exponential convergence ͓14,15͔. Spectral methods have been widely applied in computational fluid dynamics ͓16,17͔, electrodynamics ͓18͔ and magnetohydrodynamics ͓19,20͔, etc. While early in 1992, Zenouzi and Yener ͓21͔ used the Galerkin method to solve the radiative part of a radiation and natural convection combined problem. Later, Kuo et al. ͓22͔ made a numerical comparison for spectral methods and FVM to solve the radiation and natural convection combined problem and they concluded that the spectral methods were more accurate. De Oliveira et al. ͓23͔ made a combination of spectral method and Laplace transform to solve radiative heat transfer in isotropic scattering media. Recently, the collocation spectral method for radiative part in stellar modeling was carried out ͓24͔. In the work of Modest and Yang ͓25͔, the spherical harmonics method was further developed to reduce the number of first-order partial differential equations. Zhao and Liu ͓26-28͔ proposed the spectral element method for radiative heat transfer and coupled radiative and conductive heat transfer. The authors would like to mention that the spectral element method is very suitable for irregular geo-metrical systems while its accuracy is still lower than that of pure spectral methods. Li and co-workers ͓29-32͔ successfully developed the Chebyshev collocation spectral method for 1D radiative heat transfer even with anisotropic scattering medium ͓29͔, 1D radiative heat transfer in graded index medium ͓30͔, coupled conduction and radiation in concentric spherical participating medium ͓31͔, and combined conduction and radiation in one-dimensional semitransparent medium with graded index ͓32͔.
In this paper, we extend the spectral collocation method to solve the transient coupled conduction and radiation heat transfer in graded index medium. In the following of this paper, the physical model and governing equations will be presented in the second section. The SP-DOM formulations for radiative transfer equation ͑RTE͒ and energy equation will be presented in detail in the third section. The discretized equations, for radiation and conduction separately, will be simultaneously solved iteratively and the process will be described in the fourth section. Validations by typical case with available numerical results and analysis by the effects of various parameters are made in the fifth section. Finally, the last section gives the conclusions.
Physical Model and Governing Equations
We consider a problem of transient combined radiation and conduction heat transfer in one-dimensional semitransparent gray absorbing, emitting, and anisotropic scattering slab with thickness L bounded by two opaque, diffuse, and gray walls ͑see Fig. 1͒ . The refractive index n varies along the axial coordinate x. Some properties such as density , specific heat c p , extinction coefficient ␤, and scattering albedo are uniform over the slab but the thermal conductivity of medium varies with temperature. The variation in thermal conductivity is taken as
where 0 is the reference thermal conductivity, aЈ is the coefficient of thermal conductivity variation, and T 0 is the reference temperature. The initial temperature of the system is T 0 . On both sides of the slab, the emissivities are W and E and the temperatures are T W and T E , respectively. The governing equation for radiative transfer in onedimensional graded index medium in term of radiation intensity ͓33͔ can be written as ‫ץ‬I͑x,͒ ‫ץ‬x
with the boundary conditions
where I͑x , ͒ is the radiation intensity at position x and direction cosine , ␥Ј = ‫͑ץ‬ln n͒ / ‫ץ‬x is the derivative of refractive index, k a is the absorption coefficient, k s is the scattering coefficient, I b ͑x͒ is the blackbody radiation intensity, and is the Stefan-Boltzmann constant. The anisotropic scattering phase function ⌽͑Ј , ͒ is the F2 phase function given by Eq. ͑4͒ with asymmetry factor of 0.66972 ͓34͔.
where P j are the Legendre polynomials and C j are specified coefficients defined as C 0 = 1.0, C 1 = 2.00917, C 3 = 1.56339, C 4 = 0.67407, C 5 = 0.04725, C 6 = 0.00671, C 7 = 0.00068, and C 8 = 0.00005. From the view of energy conservation, the simplified transient state energy equation in the system reads
with the initial and boundary conditions
2 t͒ / ͑c p ͒, and dimensionless coefficient of thermal conductivity a = aЈT 0 / 0 , the set of dimensionless coupled governing equation for the combined radiation and conduction problem in graded index medium can be expressed as L
G͑X,Ј͒⌽͑Ј,͒dЈ ͑8͒
with the boundary conditions Transactions of the ASME
Discretization of Governing Equation and Boundary Conditions Import

Formulations of Radiative Transfer Equation.
The discretized form of dimensionless RTE is obtained by evaluating Eq. ͑8͒ at each discrete direction and replacing the integral by numerical quadrature
The discrete ordinate representations of the boundary condition, Eq. ͑9͒, is given by
The angular derivative term in Eq. ͑13͒ is discretized by central difference scheme ͓35͔, namely,
where G m+1/2 and G m−1/2 are angular intensities in the directions of m +1/ 2 and m −1/ 2 and the central difference scheme is adopted to correlate them to the unknown
The constants ␣ m+1/2 and ␣ m−1/2 only depend on the difference scheme and can be determined by the following recurrence:
Finally, Eq. ͑13͒ can be rewritten as
The above equation group ͑Eq. ͑17͒͒ for m =1,2,¯, M will not be iteratively solved based on discrete ordinates method as the conventional way in Ref. ͓33͔. In our work, the spectral collocation method will be used for the spatial discretization. Similar in Ref. ͓36͔, the strategy of RTE discretization in this article belongs to the category of so called space-angle decoupling.
First, the mapping of arbitrary interval X ͓X W , X E ͔ to standard interval s ͓−1,1͔ is needed to fit the requirement of Chebyshev polynomial
The Chebyshev-Gauss-Lobatto collocation points are used for spatial discretization
The Chebyshev approximation of dimensionless radiative intensity reads the following matrix equation:
where the coefficients Ĝ k m , k =0,1,¯, N are determined by requiring G N m ͑s͒ to coincide with G m ͑s͒ at the collocation points s i i =0,1,¯, N and the T k ͑s͒ is the first kind Chebyshev polynomial. The polynomial of degree N defined by Eq. ͑21͒ can be the Lagrange interpolation polynomial based on the set ͕s i ͖ such as
where h j ͑s͒ is a function of the first-order derivative of Chebyshev polynomial and its detail definition and expression can be found in Ref. 
where the matrix D s ͑1͒ is the first-order derivative matrix in s direction corresponding to Chebyshev-Gauss-Lobatto collocation points and its detailed computation can be originally found in Ref.
͓15,31͔.
After the boundary conditions Eqs. ͑14a͒ and ͑14b͒ import, Eq. ͑23͒ becomes
From above equations the physical means of the problem should be clearly understood. For positive direction m Ͼ 0, the radiative intensities on the west surface G W m corresponding to above vector element G m ͑0͒ are computed by Eq. ͑14a͒ and should be imported through Eq. ͑26c͒ but the radiative intensities on east surface G E m corresponding to above vector element G m ͑N͒ are unknowns. For this situation, a subsquare matrix C m with deletion of its first row and first column times the unknown vector G m with its first element cancelled constitute the left hand side of matrix Eq. ͑25͒. For negative direction m Ͻ 0, the situation is just reverse.
Formulations of Energy Equation.
Using the fully implicit time different scheme for Eq. ͑10͒, the temporal discretization of energy equation is as follows:
The fully implicit time difference scheme is unconditionally stable. Equation ͑27͒ can be arranged as
Now the remaining discretization of energy Eq. ͑27͒ is needed only in space domain ͓X W , X E ͔. After the mapping of ͓X W , X E ͔ to ͓−1,1͔, Eq. ͑28͒ becomes
͑29͒
Employing the Chebyshev collocation spectral method for Eq. ͑29͒ in the same way as it for RTE, we obtain the following matrix equation:
where the elemental expressions for P and V are
where the superscript " ‫"ء‬ of ⌰ denotes the last iterative value and the matrix D ͑2͒ ͑D ͑2͒ = D ͑1͒ ϫ D ͑1͒ ͒ is the second-order derivative matrix corresponding to Chebyshev-Gauss-Lobatto collocation points.
After the Dirichlet boundary condition ͑Eq. ͑12͒͒ import, Eq. 
For the above equation, the temperature on the west surface ⌰ W ͑corresponding to the above vector ⌰͑0͒͒ and the east surface ⌰ E ͑corresponding to the above vector ⌰͑N͒͒ are computed by Eq. ͑12͒ and imported by Eq. ͑33c͒.
Simultaneous Solution Procedure
The implementation of spectral collocation method for solving transient coupled conduction and radiation heat transfer problem in graded index medium can be executed through the following routine.
Step 1. Choose the resolution ͑number of collocation points͒ N and compute the coordinate values of the nodes; initialize the radiative intensity field and the temperature field.
Step 2. Prepare to compute the D ͑1͒ , D ͑2͒ , and A matrices once for everything.
Step 3. Loop at each time step n =1,2,¯, N t .
Step 4. Calculate the matrix F m ; impose the boundary condition and directly solve the matrix RTE ͑Eq.
Step 5. Calculate the P and V matrices; impose the boundary condition and directly solve the matrix energy equation ͑Eq. ͑32͒͒ by ⌰ = ͑P ͒ −1 Ṽ . Step 6. Terminate the iteration if the relative maximum absolute difference in dimensionless radiative intensities for all nodes and directions or temperature for all nodes is less than the tolerance ͑10 −8 for example͒, otherwise go back to step 4.
Step 7. If it is not finished on time, go back to step 3 or else, do postprocessing.
From the formulations and the above routine, the computation tasks mainly exit in the category of linear algebra. The two most important steps especially for the matrix equations solving are steps 4 and 5, which can be executed directly and efficiently while the other steps are concerned with the assembling of matrices only.
Results and Discussion
In the numerical community, the main superiorities of spectral methods over different finite methods, FVM and FEM, are their exponential convergence and high accuracy ͓15͔. In our present work, we consider transient combined radiation and conduction heat transfer in graded index medium. In this case, the initial temperature of the medium is T 0 = 1000 K, the temperatures of boundary walls are imposed as T W = 1000 K and T E = 1000 K, and the thickness of the slab keeps a constant value of 1 cm. In the next parts of this paper, the dimensionless time step ⌬ = 1.0 ϫ 10 −4 is used and steady-state condition is assumed to have been achieved while the maximum absolute difference in dimensionless temperature ⌰ at any location between two consecutive time levels does not exceed 1.0ϫ 1.0 −8 . In Fig. 2 , for conduction-radiation parameter N cr = 0.04409, optical thickness L = 1.0, scattering albedo = 0.0, wall emissivities W = E = 1.0, and constant thermal conductivity ͑a = 0.0͒ for graded index n͑x͒ = 1.2+ 0.6͑x / L͒ and n͑x͒ = 1.8− 0.6͑x / L͒ individually, dimensionless temperature results of SP-DOM are compared with those reported in literature ͓2͔. It is seen that the results of SP-DOM match very well with those of Xia et al. ͓2͔ by CRT-PSA.
In Table 1 , the effects of the number of collocation points and the number of directions on dimensionless temperature, which reached the steady-state at five locations of x / X = 0.125, 0.250, 0.500, 0.750, and 0.875, are listed for SP-DOM. These results are shown for optical thickness L = 1.0, scattering albedo = 0.0, wall emissivities W = E = 1.0, constant thermal conductivity ͑a = 0.0͒, conduction-radiation parameter N cr = 0.1, and constant graded index n = 1.5. It can be seen that the dimensionless temperature ⌰ does not obviously change when the number of collocation points is greater than 29. With 29 collocation points, the results of the different order of S N approximation on ⌰ at the five locations are also listed in Table 1 . No significant differences can be observed for S 4 , S 6 , S 8 , and S 12 approximations. Therefore, in the following, we used 29 collocation points for space discretization and S 6 approximation for angular. In Fig. 3 , the effect of variable thermal conductivity with a = −2.0, 0.0, and 2.0 on dimensionless temperature profile has been shown in the case of n͑x͒ = 1.2+ 0.6͑x / L͒, L = 1.0, = 0.0, N cr = 0.04409, and W = E = 1.0. It is seen that at = 0.001, the temperature of the medium near the hot boundary increase with the increasing of thermal conductivity while the temperature of the medium near the cold boundary decrease. This trend becomes more obvious with over time. The reason can be explained that for a = 2.0, the thermal conductivity is proportional to the temperature. For a = −2.0, the phenomenon is just the opposite. Figure 4 shows the effect of scattering albedo on dimensionless temperature profile in graded index medium. The results are shown for n͑x͒ = 1.2+ 0.6͑x / L͒, L = 1.0, a = 0.0, N cr = 0.04409, and W = E = 1.0. Compared with the small scattering albedo under the case of large scattering, the temperature gradient, which is near the hot boundary becomes larger, and the time to reach steadystate becomes longer.
In Fig. 5 , the effect of emissivity of boundary has been shown on dimensionless temperature profile under the case of n͑x͒ = 1.2 + 0.6͑x / L͒, L = 1.0, a = 0.0, = 0.0, and N cr = 0.04409. From Fig.  5 , we know that the temperature level of the medium increases with the increase in emissivity of the hot boundary while in reverse, the temperature level of the medium decreases with the increasing of emissivity of the cold boundary.
In Fig. 6 , for n͑x͒ = 1.2+ 0.6͑x / L͒, L = 1.0, a = 0.0, = 0.0, and W = E = 1.0, the dimensionless temperature profiles have been shown for three values of the conduction-radiation parameter N cr . Transactions of the ASME It is seen from Fig. 6 that with the increase in conductionradiation parameter N cr , ⌰ near the hot boundary increases. While near the cold boundary, an opposite trend is observed. The curve of ⌰ is more linear for higher N cr . For the conduction dominated case ͑N cr = 0.5͒, the time to reach steady-state becomes longer. In Fig. 7 , for n͑x͒ = 1.2+ 0.6 sin͑x / L͒, a = 0.0, = 0.0, and W = E = 1.0, the dimensionless temperature profiles have been shown for different optical thickness L . As optical thickness increases, the temperature profiles gradually become steep from the west to the east. The reason is clear, for large optical thickness ͑ L = 5.0 for example͒ of the medium and the radiation is strongly attenuated within the medium. In Fig. 8 , keeping other parameters of Fig. 7 is fixed; the effect of graded index on dimensionless temperature profiles in graded index is shown. In the case of n͑x͒ = 1.2+ 0.6 sin͑x / L͒, the temperature near the cold boundary increase. The situation is opposite for the temperature near the hot boundary. Thus, the temperature curves become flat in the middle region. Compare with the case of n͑x͒ = 1.2+ 0.6 sin͑x / L͒, in the case of n͑x͒ = 1.8− 0.6 sin͑x / L͒ and n͑x͒ = 1.5, the temperature near the hot boundary increases. Near the cold boundary, an opposite trend is observed. This trend becomes obvious over time. This trend owes it to the fact that the graded index contributes to the nonlinearity. The emitting ability of medium is proportional to the square of graded index.
Conclusions
To avoid the complicated computation of curved ray-tracing, the spectral collocation method based on discrete ordinates equation is successfully applied to solve transient combined radiation and conduction heat transfer problems in semitransparent graded index medium. The angular dependent radiative intensity is discretized by DOM and the spatial dependent radiative intensity and temperature are expressed by Chebyshev polynomial and discretized by spectral collocation method. The results of the SP-DOM are compared with those available data in literatures for variable refractive index. The comparisons indicate that the SP-DOM has a good accuracy and efficiency even using only 29 nodes and six directions of the S N approximation. Effects of variable thermal conductivity parameter, scattering albedo, emissivity of boundary, conduction-radiation parameter, optical thickness, and refractive index on transient thermal behavior are also studied.
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Nomenclature
a ϭ dimensionless coefficient of thermal conductivity variation aЈ ϭ variable thermal conductivity parameter A ϭ matrix defined in Eq. ͑23͒ Ã ϭ matrix defined in Eq. ͑25͒ c p ϭ specific heat of medium, J Kg −1 K −1 D ͑1͒ ϭ the first-order derivative matrix D ͑2͒ ϭ the second-order derivative matrix F ϭ matrix defined in Eq. ͑23͒ F ϭ matrix defined in Eq. ͑25͒ G ϭ dimensionless radiative intensity Ĝ ϭ coefficients for spectral approximation in Eq. ͑21͒ ϭ scattering albedo ⌽ ϭ scattering phase function L ϭ optical thickness n ϭ refractive index N ϭ total number of solution nodes N cr ϭ conduction-radiation parameter P ϭ matrix defined in Eq. ͑30͒ P ϭ matrix defined in Eq. ͑32͒ V ϭ matrix defined in Eq. ͑30͒ Ṽ ϭ matrix defined in Eq. ͑32͒ s ϭ standard Gauss-Lobatto points T ϭ temperature, K w m ϭ weight corresponding to the direction m x ϭ axial coordinate, m X ϭ dimensionless axial coordinate 
Greek
